ASYMMETRIC DISTANCES:
POTENTIAL OUTPUT STRUCTURES AND PROCEDURES1

JAN W. OWSI SKI
Systems Research Institute, Polish Academy of Science

Summary
The paper presents the issue of treating the case of essentially asymmetric
distances in the cases, when the expected / desired output structure implies (usually)
symmetricity. Some examples of input structures are given, along with those of the
potential output structures, the latter primarily corresponding to grouping /
clustering. A straightforward procedure is proposed and some of its properties are
assessed. Since the problem appears to be little treated in the literature of the
subject, the paper ought to be considered as a very preliminary consideration, which
ought to be pursued from both theoretical and technical points of view, given the
potential fields of application, and the unresolved basic problems.
Keywords: asymmetric distances, grouping, clustering, fuzziness, hierarchical structures.
1. Introduction: the issue
Asymmetric distances and proximities arise in a variety of situations. In the majority of reallife cases they are given as original data, like in, for instance, time-wise or cost-wise road, railway
or air distances, trade and financial flows, as well as traffic, migration and commuter flows.
Asymmetric distances may also arise from explicit distance calculations, based on properties of
(pairs of) objects, for which they are calculated, and additional prerequisites, allowing for
asymmetry. This case, though, must be treated separately, as open to much wider choice and
specific perspective. It is, namely, quite typical for this case that an a priori assumption has to be
made, which, actually, is responsible for the asymmetry. This assumption takes, naturally, the
form of the generally valid distance definition, often stipulating quite strong properties, e.g.
satisfaction of the triangle inequality. This is the case of “gravity-based asymmetric distance” and
similar ones (see, e.g., [3] and [12] for the asymmetric location problems). In quite broad terms
this kind of setting can be said to involve a degree of regularity, which can be exploited when
proving relevant properties of the problems, extremes and algorithms.
Asymmetric distance or proximity definitions are frequently based on what can be referred to
as containment or dominance. This is typical for the two important domains, where definitions of
distances or proximities are used that can lead to asymmetry, namely in chemistry (for two
compounds of particles with highly different masses, is the similarity of the smaller one to the
bigger one symmetric with the reciprocal one?) and in text analysis (the same question for texts of
highly different lengths), see, in particular, [6] and [7].
There exists a wide class of problems, in which asymmetry of distance or proximity data does
not constitute any problem whatsoever. These are the problems of maximum or minimum flow,
1
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shortest route, least cost route etc., which are usually solved via some graph-theoretic methods
(see, e.g., [8] and [9]). In fact, the asymmetric distances, forming a matrix D = {dij}ij, with,
therefore, dij ≠ dji for at least one pair (i,j), are most conveniently represented by directed graphs
between nodes i,j ∈ I, the latter denoting the set of nodes. In such problems the initial graph-based
representation is kept throughout the solution procedure down to its successful end, consisting in
specifying some (“best”) subset of edges (i,j) along with their relevant characteristics.
In this paper, though, we deal with problems, in which the endpoint of the analytic procedure
is constituted by a structure that differs significantly from the initial directed graph representation,
even if it still can be rendered via graphs. We shall focus, namely, on clustering in the situation,
where distances or proximities are given, and no assumption can a priori be made, except for
nonnegativity, on their values and relations between them.
It should be added that clustering is typically done for asymmetric distances, even if treated
explicitly, in a way that leads to essentially symmetric structures, proper for clustering (see next
section), and most often symmetry is assured in the preprocessing stage, by calculating the
symmetric δij on the basis of the dij ≠ dji (the average being the standard choice). Yet, when
asymmetry becomes very important, such manipulations lose their justification as being too far
from reality. On the other hand, once we admit asymmetry – we can deal with extreme cases, like
that of Fig. 1, where one can hardly imagine a symmetric δij rendering the situation in a plausible
manner.
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Fig. 1. An illustration for a hard-to-treat case of asymmetric distances
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2. Clustering for asymmetric distances
The issue with clustering is that the usual formulation of the clustering problem somehow
implies symmetry. Let us start with the generic formulation of the clustering problem:
having objects indexed i, i ∈ I = {1,…,n}, for which distances dij and/or proximities sij can
be or are specified, partition the set I into subsets Aq, q = 1,2,…, in such a way as to have
(indices of) objects that are close to each other in the same Aq, and the (indices of) objects
distant one from another in different Aq.
Even though this “definition” leaves a lot to be made more precise, it certainly appears to
imply some sort of symmetry: two objects, i and j, either both belong to the same cluster Aq, or are
mutually separated in two different clusters.
This, indeed, is so, if we admit (only) crisp and disjoint partitions, i.e. Aq∩Aq’ = ∅, q ≠ q’, and
µi(Aq) ∈ {0,1}, where µi(Aq) is the membership of i in Aq. Should, by necessity, either overlapping
clusters (cliques) or fuzzy clusters be allowed, as apparently admitting (some sort of) asymmetry?
We shall yet return to this issue.
Yet, the most important issue is the one of purpose and therefore of the ultimate structure. In
other words: what do we want to get? what can we get? how to get this? In this context we shall
quote here some examples, for which asymmetric distances and clustering are of importance.
First, let us consider a case of importance in information retrieval. If for documents indexed i
asymmetric distances are calculated (conform to the remark before, see, e.g., [6] and [7]), it may
be of interest to be able to group them in such a way as to preserve (somehow) this asymmetry.
This might enhance the information retrieval process, when the inherent asymmetry is of
importance (for instance – for the efficiency of “directed” search in the document space).
Another example refers to the analysis of “influence areas”, be it of urban centres, or
companies, or countries, based on flows of goods, money and/or commuters. The resulting
information may be used for planning and strategy development purposes. Here, individual objects
may fall to different degrees within the influence areas of different “centres”.
Yet another example is provided by the domain of social networks, of primary interest in this
work. Relations in such networks are obviously asymmetric (although this is by no means easily
admitted in the existing literature), and it is of utmost importance in their analysis to be able to
define the “core actors”, the “local nex(s”, or the “spheres of influence” (see, e.g. [3]).
In these cases – and, indeed, in many others – asymmetry of distances is closely associated
with asymmetry of “positions” of the objects considered (like the “big” and “small” chemical
compounds) and/or the asymmetry of “meaning” of the directions of edges (distances or
proximities). Indeed, although, for instance, fuzzy clustering does in no way depend upon or even
refer to asymmetric distances (see, e.g., [15]), there is a problem in the reverse direction: what is
the significance (“epistemological status”) of the (fuzzy) clusters, which would try to preserve the
asymmetric nature of distances? and: how to obtain them?
If we admit the asymmetry of positions or directions, then the answers to both these questions
become somewhat easier.
Whether clusters are crisp or fuzzy, overlapping or not, the structure imposed by a partition P
= {Aq}q is symmetric with respect to particular objects. Indeed, if, in quite a natural manner, we
define by δij the distance between objects i and j, resulting from the partition, e.g. δij = Σq|µi(Aq) –
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µj(Aq)|, then, of course, δij = δji. There exists, however, a structure that relates to clustering and yet
is capable of implying asymmetry. It is, indeed, associated with the asymmetry of positions.

i1

i2

i3

i4

i5

i6

Fig. 2. An illustration for the structure with asymmetry of positions
Fig. 2, taken partly from [11], will be commented upon in deeper detail here. Thus, we deal
with a hierarchical structure of objects i ∈ I, grouped consecutively at a number of levels, in
which groups are labelled by the leading objects, and this applies to all levels. So, the first bottomlevel group to the left in Fig. 1 could be labelled L1(i2), where the superscript “1” denotes the
bottom level (leaves), while the entire set of objects in the figure would form the group L3(i5).
Formally, we will write that L1(i2) = i2, and L3(i5) = i5, i.e. Lh(i) = i, while the sets of objects,
constituting respective groups, shall be denoted Ah(i). If we use the general indexing of nodes,
without indication of levels, say, q ∈ I, then q shall denote the cardinality of the respective group.
If a structure like this is established, we can also define a distance within it, by introducing,
first, the notion of choice-power-path as follows: denote by N(i,i’) the set of nodes (corresponding
to group labels) separating objects i and i’ (with, of course, N(i,i’) = N(i’,i)2); and by s(q,i), where
q is a node label, the following quantity: s(q,i) = 1, if q ≠ i, and s(q,i) = 1/q, if q = i, then δH(i,i’) =
Σq∈N(i,i’)s(q,i).

2

Minimum number of nodes, invariant with respect to object and node numbering.
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For the illustration of Fig. 2 we get from this definition the following (asymmetric) values:
i → i’
1
2
3
4
5
6

1
0
0.2
1
2.33
2.07
4

2
1
0
1
2.33
2.07
4

3
1
0.2
0
2.33
2.07
4

4
3
1.325
3
0
2.07
4

5
3
1.325
3
2.33
0
3

6
4
2.325
4
3.33
2.07
0

A variant of this definition could only refer to the number of levels, required to pass from one
object to another, similarly as in ultrametrics.
Let us note that while both structure of Fig. 2 and the definition of δH(i,i’) imply crisp
grouping. Yet, the definition of δH(i,i’) can be turned into the one, involving fuzzy association of
objects, by appropriately defining q and weighing s(q,i) by respective membership values:
δH(i,i’) = Σq∈N(i,i’)µi(q)s(q,i),
with N(i,i’) taken, for simplicity, as the subset of I, determined by the nodes, for which µi(q),
µi(q’) attain maxima. (For establishment of respective principles, see, e.g., [1], [4], [5], [16], [17]).
It should be added that the definition, outlined here, is given mainly as an illustration for
a broader family of asymmetric output structure distances, which could be applied in the context
here considered.
3. A proposal
Assume we consider whether an object i be (rather) associated in a structure of the kind shown
in Fig. 2 with another object, denoted q1, or (rather) a different one, denoted q2 (see Fig. 3).
Actually, it does not matter whether q1 and q2 (are meant to) represent proper clusters, potentially
forming a partition P = {Aq}, or “next level” nodes in a tree, representing a hierarchy, or simply
other objects of the same status as i, as we consider whether to associate i with one of them.
q1

q2
diq2

diq1

dq2i

dq1i

i

Fig. 3. Illustration of the basic comparison operation
When no “privileged direction” is defined, we deal with the following cases:
1o. d’iq1 ≥ d’’iq2;
2o. d’’iq1 ≥ d’’iq2, and d’iq1 ≥ d’iq2, but d’iq1 < d’’iq2;
3o. d’’iq1 ≥ d’’iq2, and d’iq1 ≤ d’iq2,
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where d’ij = min{dij,dji} and d’’ij = max{dij,dji}.
In the above context it appears intuitively obvious that in case 1o above, object i be associated
with q2 in the degree µ(i,q2) = 1 and with q1 in the degree µ(i,q1) = 0, as comparison leaves no
doubt as to which “distance” is smaller of the two. For the two remaining cases the values of the
degrees of association can be calculated as the functions of the corresponding distance values,
appearing in the above inequalities. We shall not propose any concrete form of such functions, but
only will stipulate some exemplary “boundary conditions”, including the one stated above, namely
(assuming, in addition, quite arbitrarily, for this stage of consideration, that µ(i,q1) + µ(i,q2) = 1):
1.

when d’iq1 ≥ d’’iq2 then µ(i,q1) = 0 and µ(i,q2) = 1;

2.

when d’’iq1 = d’’iq2, and d’iq1 = d’iq2 then µ(i,q1) = µ(i,q2) = ½;

3.

when d’’iq1 > d’’iq2 and d’iq1 = d’iq2,
then µ(i,q1) = (d’’iq2 - d’iq2)/(d’’iq1 - d’iq1 + d’’iq2 - d’iq2), and µ(i,q2) = (d’’iq1 d’iq1)/(d’’iq1 - d’iq1 + d’’iq2 - d’iq2) = 1 - µ(i,q1);

4.

when d’’iq1 = d’’iq2, and d’iq1 < d’iq2,
then (vice versa): µ(i,q1) = (d’’iq1 - d’iq1)/(d’’iq1 - d’iq1 + d’’iq2 - d’iq2), and µ(i,q2) =
(d’’iq2 - d’iq2)/(d’’iq1 - d’iq1 + d’’iq2 - d’iq2) = 1 - µ(i,q1).

In this manner we can compare association of an i with any object in the set considered,
whether this object is a “cluster representative” or not. The simple association rules, given above,
can be then appropriately extended over all objects in I, leading to the matrix {µ(i,i’)}i,i’, with
preservation of the condition Σi’≠iµ(i,i’)=1 ∀i ∈ I. (Here, again, we refer to [1], [4], [5], [16], [17]
for respective basic principles.)
The above procedure appears numerically cumbersome, even if, by definition, it consists of
a “single pass”, as requiring O(n3) comparisons, where n = cardI, and yet some additional
arithmetic operations. This, indeed, would be prohibitive, if it were not so that in the domain of
main interest to us the respective matrices of distances, or rather proximities (existence of any
relation) are either relatively sparse (below 10% or even less) or rather small (hundreds of objects
at most).
This procedure has been first presented in [11], and referred to as a simile of the k-medoids
algorithm. Actually, it resembles this algorithm only slightly, not like the clustering procedures for
asymmetric distances, proposed in [13] and [14], which, indeed, directly draw upon the classical kmedoids. The procedure here proposed: (i) is deterministic, (ii) does not specify directly
(unambiguously) a partition of the set I, but a fuzzy hierarchy with a priori undefined number of
“levels” (in principle, it can be taken to be equal cardI-1).
4. An objective function
Following the principles, formulated in [10], we shall now introduce an objective function,
calculated for the structure, resulting from the procedure, outlined in Section 3.1, and using the
distance function, proposed in Section 2.3, defined for such a structure:
QH({δH(i,i’)}i,i’) =
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Σq∈I Σi,i’∈I δH(i,i’i,i’∈Ah(q)) + Σq,q’∈I, q≠q’Σi,i’∈I σH(i,i’i∈Ah(q), i’∈Ah(q’))
where σH(i,i’), corresponding to proximity, as opposed to distance, is defined analogously to
δH(i,i’), with 1-µi(q) replacing µi(q) and 1-s(q,i) replacing s(q,i).
This objective function is minimized (possibly small distances within groups and possibly
small proximities between groups). Yet, the deterministic procedure proposed leaves, indeed, in
principle, no room for choice and optimization. Still, the values of the objective function,
calculated along with the realization of the procedure, can serve the purpose similar to that of the
criteria used in classical agglomerative algorithms of cluster analysis, namely: selection of the
hierarchy level, at which partition is defined. It is, namely, obvious, that as cardinalities of Ah(q)
forming the partition get bigger, the respective increments to QH({δH(i,i’)}i,i’) get smaller, so that,
in general, the optimum number of hierarchy levels is lower than the maximum. This means that
the structure, constituting the output from the procedure, is cut at a certain height, according to the
sequence of values of QH({δH(i,i’)}i,i’) along the cardinalities of Ah(q) generated.
5. Conclusions
This paper outlines an approach to grouping of objects, for which distances or proximities are
given that are asymmetric. The procedure proposed tries to preserve the asymmetric nature of data
through the establishment of a tree-like structure, in which objects are associated one with another
in fuzzy degrees. This procedure is composed of the association rules, the distance / proximity
definitions and the objective function, serving to determine the optimum height of the tree-like
structure. Not being numerically effective, the approach can either be used to pre-processed sparse
data matrices, or to relatively small data sets. The approach proposed shall be first tested on the
data sets pertaining to local networks, as observed through connections, announced via websites.
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ODLEGŁOĝCI NIESYMETRYCZNE:
STRUKTURY WYNIKOWE I PROPOZYCJE PROCEDUR
Streszczenie
Artykuł przedstawia zagadnienie analizy systemów opisanych zasadniczo
niesymetrycznymi odległociami w sytuacjach, gdy oczekiwane wyniki zazwyczaj
implikuj symetri. Pokazano przykładowe takie sytuacje z punktu widzenia danych
wejciowych oraz podanych struktur wyników. Te ostatnie s przede wszystkim
zwizane z grupowaniem obiektów i analiz skupie. Zaproponowano pewn
konkretn procedur, i odniesiono si do jej zasadniczych własnoci. Poniewa
rozpatrywane zagadnienie jest niezmiernie rzadko podejmowane w literaturze
przedmiotu, artykuł naley uwaa za wprowadzajcy pewne podstawowe kwestie
z rozwaanego obszaru i proponujcy kierunki prac w tym zakresie, zarówno jeli
idzie o metodyk, jak i kwestie techniczne.
Słowa kluczowe: odległoci asymetryczne, grupowanie, analiza skupie, rozmyto, struktury
hierarchiczne.
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